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Abstract. We continue our investigation on the transportation-information inequalities 
Wpl for a symmetric markov process, introduced and studied in [13^. We prove that Wpl 
implies the usual transportation inequalities WpH, then the corresponding concentration 
inequalities for the invariant measure jj.. We give also a direct proof that the spectral gap 
in the space of Lipschitz functions for a diffusion process implies Wil (a result due to 
[13) ) and a Cheeger type's isoperimetric inequality. Finally we exhibit relations between 
transportation-information inequalities and a family of functional inequalities (such as 
4>-log Sobolev or <E>-Sobolev). 
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equality; deviation inequality. 



Let {X, d) be a complete and separable metric space (say Polish) and /i a given prob- 
ability measure on {X, B) where B is the Borel cr-field. Let {Xt)t>o be a //-symmetric 
ergodic conservative Markov process valued in X, with transition semigroup {Pt) (which 
is symmetric on L^(/x)), and Dirichlet form •), B(iS)) where Ii{£) is the domain of £ 
in L^(/i) := L'^{X,B,fi). Here the ergodicity means simply : for (7 G 10(<f), £{g,g) = iff 
g = c. 

For 1 < p < +00 fixed and for any probability measure u on X (written as € Aii{X)), 
consider 

(i): L*'- Wasserstein distance between u and //: 



TT<^C{V,H) J J 

where C(z^, /i) are the set of all couplings of (z^, /u), i.e., probability measures vr on 
E X E such that tt{A x E) = u{A) and 7r{X x A) = fj.{A) for all AG B. 
(ii): Relative entropy or Kullback's information of v w.r.t. /j, 



MSG 2000: 60E15, 60K35; 60G60. 



1. Introduction 




(LI) 




if <^ fi; 
otherwise. 



(1-2) 



(iii): The Fisher information of u w.r.t. /i: 
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|^(v7,^/7). i^u = f^l,Vf€B{£), 



+00 



otherwise. 



(1.3) 



The usual transport inequahties WpH, introduced and studied by K. Marton [16] and 
M. Talagrand ^18j mean that 

Wp{u,fif <2CH{u\^i), yu£Mi{X). {WpH{C)) 

Its study is very active: see Bobkov-Gotze Otto-Villani [17J, Bobkov-Gentil-Ledoux 
[3], Djellout-Guilhn-Wu [lOj and references therein. Furthermore Gozlan-Leonard [12j 
consider the following generalized transportation cost from to /x: 

Tv{i^, fi) := sup{i/(n) - ^i{v); (n, v) € V} 

(/z(m) := udfi) where V is some given family of {u, v) G (bB)'^ so that 
(Al) u<v for all {u,v) G V (or equivalently T\;[u,u) < for all i' £ Mi{X)); 
(A2) For all z^i,z^2 £ Mi^JY), there exists {u,v) G V such that J udvi — J v dv2 ^ (or 
equivalently Tv(z^i,z/2) > for all 1^1, S -^i('^))- 

And they introduced the following generalization of WpH: for some convex, non-decreasing 

and left continuous function a on R"*", 



Fisher 



a{Tv{v,^j)) <2CH{v\ij), Vi/ G Mi(A') {a-TvH{C)) 

and they established its equivalence with some concentration inequality of the underlying 
measure /x and of the i.i.d. sequences of common law /i. 

Recall that T\;{v,n) = Wp{i',^)'^ iff V = V{p,d), the family of all couples {u,v) of real 
bounded measurable functions on X such that 

u{x) - v{y) < d'P{x,y), \/x,y G E. (1.4) 

Guillin-Leonard-Wu-Yao [13] propose a new transport-information inequality, adapted 
to Markov processes (and in particular to consider deviation inequalities for integral func- 
tionals of Markov processes) 



A31 



or the more general 



Wp{v,nf <^C'^I{v\^l), Vz^GMi(A') 



(WpI{C)) 



thm-GLWY 



a{Tv{v,^l))<I{v\^l), Vz.GMi(^). 
Using large deviations techniques they prove the following characterization: 



(a-Tv/) 



Theorem 1.1. ([13j) Let ((X()(>o,P^) he the fi-symmetric and ergodic Markov associated 
with the Dirichlet form ((?,D(i?)), a : M"*" [0, -|-oo] a left- continuous non- decreasing 
convex function with a{Q) = 0, and V as above. 
The following properties are equivalent: 

(a) : /X satisfies the transport-information inequality {a — Tyl). 

(b) : For all {u,v) G V and all X>0 



Xmax{J^ + Au) := 



sup 

9eD(£:):/.((,2)=l 



X ug dfi- £{g,g) 



where L is the generator of (Pf) on l?{X^ii) and 

a* (A) = sup{Ar - a(r)},VA > 

r>0 



< \li{v) ^ a" {X) (1.5) I L2bouiid 
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is the semi-Legendre transformation of a. 
(c): For any initial measure v = //x with f € L'^ifJ-) and for all {u,v) S V 

{^^ j\{X,)ds > fi{v)+r^ < ||/||2e-*"W, yt,r> 0. (1.6) 

Remarks 1.2. The meaning of the deviation inequaUty characterization (|1.6|) of a—WpI 
is clear in the ergodic behavior of the Markov process (Xt), as well as (ll.5p in the study of 
the Schrodinger operator C + u. That is one more reason why a—T-\;I inequality is useful. 

Remarks 1.3. If V is some family of (n, u) G (bB)'^, (|1.6I) becomes a deviation inequality of 
the empirical (time) mean from its space mean fi{u) for the observable u so that {u,u) £ V. 
Notice that if V = {{u,u);u £ bB,\\u\\Lip < 1} then Tv(z^,/i) = Wi{i^,fj,), and WiI{C) 
is equivalent to the Gaussian deviation inequality ()1.6p with a(r) = r^/(4C^) for the 
Lipschitzian observable u with Lipschitzian coefficient Lip ^ 1; which generalizes the 
well known Hoeffding's inequality in the i.i.d. case. 

Three criteria for WiI{C) are established in [13]: spectral gap in L^(/u); spectral gap 
in the space of Lipschitz functions and a very general Lyapunov function criterion if 
V = {{u,u); \u\ < (/)} where (p > is some fixed weight funtion. And it is also shown that 
on a Riemannian manifold X equipped with the Riemannian metric d, the log-Sobolev 
inequality 

H{u\fi) < 2CI{u\fi), Mu G Mi{X). {HI{C)) 
implies VF2/(C), which in turn implies the Poincare inequality 

Var^{g) < cp8{g, g), G L\i,) f| Ii{8) {P{C)) 

where Varf^{g) = ^i{g'^) — /u(fl')^ is the variance. Furthermore W2l{C) =^ HI{C') once 
if the Ricci-Bakry-Emery curvature of ^ is bounded from below. 
We organize this paper around the four questions below: 

(i) : Investigate the relations between Wpl with WpH. That is the objective of §2. 

(ii) : Prove that the spectral gap in the space of Lipschitz functions implies a Cheeger 
type's isoperimetric inequality, which is stronger than Wil. That is the purpose 
of §3. We will also establish deviation inequalities under natural quantities such 
as the variance of the test function, refining |13j . 

(iii) : In §4 we study relations between {a — W2l) and the /3-log-Sobolev inequality: 

P o f,{g^ log g^)<£{g,g), fi{g^) = 1, g £ B{£), (1.7) 

where /3 is a positive increasing function. This inequality was connected in [2^ to 
the well developed -F-Sobolev inequality introduced in [21] , so that known criteria 
for the later can be applied directly to (|1.7p . 

(iv) : Finally we present in §5 applications of <I>-Sobolev inequality 

\\g^U<Ci£{g,g) + C2fi{g^) 

in transportation-information inequalities a — T\;I and then in the concentration 
phenomena of j u{Xs)ds under integrability conditions on u. 
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2. Wpl IMPLIES WpH ON A RiEMANNIAN MANIFOLD 

Recall (cf. Villani ^I9j ) the well known Kantorovitch's dual characterization : 

W^{u,^)= sup / udv — / vd^ (2.1) 
where V{p,d) is given in ()1.4p . and Kantorovitch-Robinstein's identity 



£{9.9) ■■= [ |V5pd/i(x), gGC^iX) 
Je 



where V is the gradient on X , and Cq^{X) is the space of infinitely differentiable functions 
on X with compact support. In such case our Fisher information of //x with < / G C'^{X) 
w.r.t. /i becomes 



I{f^^\^^) = \f = \j Iviog/l^dM. 



z{\) 

We have by Kantorovitch's identity (j2.2p 



but by WiI{C), 



^\ogZiX) = fi^{g)<Wi{fix,fi) 



Wii^ix,^) < 2CV/(/xa|/x) = CX^ J \Vg\^d^ix < CX. 

Thus 

log Z(A) < / Ctdt 
Jo 



'0 

the desired control (I2.3D. □ 



The implication 'Wi/(C) Wii?(C)" is strict, as shown by the following simple 

counter-example ([lOj). 



A32 



Wi{iy,fi)= sup ud{u-fi). (2.2) I A33 

ll«l|Lip<l 

Throughout this section A:" is a connected complete Riemannian manifold equipped with 
the Riemannian metric d, and = e~^dx/Z {Z being the normalization constant assumed 
to be finite) with V £ C^{X), and {£,!]){£)) is the closure of 



2.1. WiI{C) =^ WiH{C). 
thm21 Theorem 2.1. Assume that satisfies WiI{C). Then 

Wi{v,nf < 2CH{u\n), yu G Mi{X) 

i.e., fi satisfies WiH{C). 

Proof. By Bobkov-Gotze's criterion [4] for WiH{C), it is enough to show that for any 
bounded g £ C'^^X) with \ Vg\ < 1 and A > 0, 

eA{g-M9))fi^ < eA2cV2_ (2.3) |thm21b 

To this end we may assume that n^g) = 0. Consider 

Z{X) = [ e^Hfi, fix := -^/j. 
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Example 2.2. Let X = [-2, -1] U[l, 2] and ^l{dx) = (l[-2 -i] + \i,2])dx/2. The Dirichlet 
form (if,B(i?)) is given by 



where H^{X) is the space of those functions / G L'^ip) so that /' G L'^ifJ') (in the distribu- 
tion sense). It corresponds to the reflecting Brownian Motion in X, which is not ergodic. 
But WiI{C) imphes always the ergodicity. Thus /i does not satisfy WiI{C). However n 
satisfies WiH{C) by the Gaussian integrability criterion in [lOj . 

The argument above can be extended to more general transportation information in- 
equality a — WiI: 

prop21 Proposition 2.3. Let a : [0, -|-co] he a left- continuous non- decreasing convex func- 

tion with a(0) = 0. Assume that satisfies a—WiI. Then jj, satisfies 



a{Wi{v,^))<H{v\ii),yv(^Mi{X) {a-WiH) |prop21a 

/•r 

where a{r) = 2 / \/ a{s)ds. In particular for any Lip schitzian function g with WgWup < 1, 

fi{g > li{g)+r) < e-"(^), Vr > 0. 

Proof. By Gozlan- Leonard's criterion [12j for a — WiH, it is enough to show that for any 
bounded g G C^^X) with \ Vg\<l and A > 0, 



j e^(f-^(f))d^ < e"*(^), VA > (2.4) |prop21c 



which implies the last concentration inequality in this Proposition by Chebychev's inequal- 
ity. To show (j2.4p we may assume that fi{g) = 0. Let Z(X) and nx be as in the previous 
proof of Theorem 12.11 we have 

^logZ(A)=/iA(5)<H^l(^A,/i). 

But by the assumed a — WiI, 

T^i(/UA,/i) < (/(/iAi/i)) = a"^ (^^ I \Vg\'dfix^ < a~\xyA) 
where a"^(t) := inf{t > 0; a{r) > t},t> 0. Thus 

logZ(A)</ a-\t^/i)dt=:h{X). 
Jo 

Now by Fenchel-Legendre theorem, h = (h*)*, but 



h*{r) = sup(Ar - /i(A)) = 2 / y^^ds, 

A>0 Jo 

which completes the proof of the desired control (|2.4p . □ 
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2.2. W2l{C) =^ W2H{C). 
thm22 Theorem 2.4. Assume that ji satisfies W2l{C). Then 

W2{u,^if < 2CH{iy\n), G Mi{A:) 

i.e., fi satisfies W2H{C). 

Proof. We shall use the method of Hamilton-Jacobi equation due to Bobkov-Gentil-Ledoux 
[3]. Consider the inf-convolution 

Qtgix) := inf (fir(y) + ^d^ix,y)) 
y&E At 

which is viscosity solution of the Hamilton-Jacobi equation 

1 



dtQtg + ^WQtg? = (2.5) [hj^ 



By Bobkov-Gotze's criterion ^ for W2H{C), it is enough to show that for any g G Cl{X), 

< e'^(^)/^. (2.6) 



To this end we may and will assume that ix{g) = 0. Let A = X{t) = nt where «; > will 
be determined later and consider 

Z{t) = / e^«*^d;u, /it := —-/X. 



Z{t) - 



We have 



= 1^ j Qtgdfit ~\ j \^Qtg\'^dnt 



But by Kantorovitch's identity (|2.1|) . 

I Qtgdfit<Y^Wi{f^t,fi) (2.7) 
and the assumed W2l{C) gives W^|(/xt,/x) < AC"^ I {^t\lj) ■ Thus for every i > 0, 

Putting K = 1/C, we obtain ^log Z{t) < for all t > 0, which implies by the continuity 
of log Z{t) on R+ that 



J e^'3/c^^ ^ < Z(0) = 1 



the desired (Ejl). □ 



Remarks 2.5. The proof above is adapted from that of Bobkov-Gentil-Ledoux [3j for the 
implication HI{C) =^ W2H{C), originally established by Otto-Villani [17]. 



thm22b 



thm22c 
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Remarks 2.6. We have thus estabhshed in this section 

HI{C) W2l{C) W2H{C). 

It was also established in [13] that under a lower bound of the Ricci-Bakry-Emery curvature 
of fi that W2I implies back to HI, and with additional conditions on this lower bound 
that W2H implies back HI. It is then a natural question to know if the condition on 
the lower bound of the Ricci-Bakry-Emery curvature is also necessary to get the reverse 
implication. A partial answer was provided in [7] where an example of a real probability 
measure, with infinite lower bounded curvature, was shown to verify W2H but not HI. 
Inspired by this example, we furnish here an example where Wil holds (using Lyapunov 
conditions of [13l Section 5]) but not HI. Let then consider diJ,{x) = e~^^^^dx, where V 
is symmetric (at least) and given for large x by 

V{x) = x"' + sin^(x) + x^. 

Consider also the natural reversible process associated to this measure given by generator 
Lf = f" — V'f- Using W{x) = e"-^ , by easy calculus, one sees that LW < —cx^W + b 
(for some positive b and c) if /? > 2. This Lyapunov condition also implies a Poincare 
inequality (see [l] for example), so that using a slight modification of [131 Lem. 5.7], we 
get that Wil holds and also W2H by [7J. Remark now that if /3 < 3 then V/V'^ is not 
bounded, which is a known necessary condition for HI to hold (see [7]). Unfortunatly, we 
are not up to now able to prove that W2I holds. 

3. Wil AND THE ISOPERIMETRIC INEQUALITY OF CHEEGER'S TYPE 
BY MEANS OF THE SPECTRAL GAP IN Clip 

In this section we return to the general Polish space case {X,d). We assume that fi 
charges all non-empty open subsets of X. 

Let Clip be the space of all real functions g on X which are Lipschitz-continuous, i.e., 

Ils'lliip := s^Px^y y)^''^ +00. We assume that there is an algebra A C CLip f]02{^) 
(here B2(£) is the domain of the generator C in L'^{^) associated with (£ ,'D{£))), which 
is a form core for {£,D(£)). Hence the carre-du-champs operator 



T{f,g) ■.= ^{C{fg) 



fCg-g£f), yf,geA 



admits a unique continuous extension F : ©(iS) x ]ni[£) L^{X,fi). Throughout this 
section we assume that F is Si, d-iffereiitiation, that is, for all {hk)\<.k<n 

<Z A,g ^ A and 



F€Cl 



r{F{hi 



,9) 



n 

E 

i=l 



diF{hi 



, hn)T{hi,g) 



(this can be extended to !}{£)). 

thm31 Theorem 3.1. Assume that f d'^{x,XQ)dfi{x) < +00 for some (or all) xq ^ E and F is 
a differentiation. Suppose that there is a form core V C CLipC\^2{C,) of {£,!}{£)) such 
that 1 £ T> and 



Wi{i',fj,) = sup { / gd{i' — fj,)}, \/v with I{v\li) < +00 

9S:V:\\g\\Lip<l 



(3.1) 



thmSIa 



and 



V^{9,9) < crhhip, At - a.s., Vff G CLipf^02{C) 



(3.2) thm31b 
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and for some constant C > and for any g £ with fi{g) = 0, there is G £ GLipf^in)2{C) 
so that 

-CG = g, WGUip < G\\g\\Lip. (3.3) 

Then the Poincare inequality holds with cp < G, and the following isoperimetric inequality 
of Cheeger's type 



thm31c 



Wi{ff,,fi) <aG j 7rU7)d/x,0 < / E ID)(f),^(/) 
holds true. In particular, 

Furthermore for any observable g with \\g\\Lip = 1; 



1 



J: 



gd{u-ij) < 2^1{u\fi) 
and for any t,r,6 > 0, 



V{g) 



+ 2{aG)^^/cpIiu\fi) 



(3.4) 



(3.5) 



(3.6) 



thmSld 



thm31e 



thm31f 



<||^lbexp|-t 



(3.7) thmSlg 



(1 + 6)V{g) + J[{1 + 6)V{g)y + -^-^r 



2 , Scp{aC)* ^2 
^ SV{9) 



where V{g) := linij^oo jVarf>^ J^^ g{Xs)ds^ = 2 J^{g - fi{g),Ptg)^dt is the asymptotic 
variance of g. 



Proof. Under the Lipschitzian spectral gap condition p.3p . it is noted in [13] that the 
Poincare inequahty holds with cp <G. 

For both (|3.4p and (13. 5p we may assume that v = f ^ with / E B(<5), / > e > 0. For 
any g £ V with H^Hlip < 1 and //(gf) = 0, letting G := {—C)~^g be the unique solution of 
the Poisson equation with n{G) = 0, we have 

Jgdu- J gdt, = {g,f)^ = £{GJ) = J T{GJ)dis < \\y^riG;G)\\^ J y^T{fJ)df^. 

Taking the supremum over all such g and observing || Y^r(G, 0)1100 < cr||G||Ljp < aG we 
obtain (j3.4p . Furthermore by Cauchy-Schwarz and the fact that F is a differentiation, we 
have 



VnfJ)dii< 



where (13.51) follows from (13. 4p . 
For p. op writing / = /i^, we have 



j gdv- j gdn = J T{GJ)d^ji = 2 j hT{G,h)dfi 
<'^J j r(/i, h)dfi ■ J F(G, G)h'^dfi. 
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Using the inequality in [13\ Theorem 3.1] 

J T{G,G)h^dfi- J T{G,G)dfi< ||r(G,G)||oo||/iV-Ai||Ty < (aC) V4cp/(i^|/u) 
and noting that V{g) = 2{{-£y^g,g)^ = 2£{G,G) = 2 fT{G,G)dfi, we obtain 



J gd,y- J gdis<2^I{,^\fi) ^ + 2(c7C7)Vcp/H/") 

which is (IMD- Using 2/3/2 < + p/^ we obtain 1^ by Theorem □ 

Remarks 3.2. The WiI{aC) inequahty (|3.5p is due to Guilhn and al. [13], but the 
method therein is based on the Lyons-Meyer-Zheng forward-backward martingale decom- 
position. The argument here is simpler and direct, and yields the stronger Cheeger type's 
isoperimetric inequality (|3. 



Remarks 3.3. Letting 6 be close to 0, we see that (\3.7h is sharp for small r by the central 
limit theorem. 

Set Ciipfl = {g G Ciipfl] fJ-ig) = 0}. Under the Lipschitzian spectral gap condition 
(j3.3p . the Poisson operator (— : Cupfi Clipa is a well defined bounded linear 
operator w.r.t. the Lipschitzian norm, and the best constant G in (j3.3p is the Lipschitzian 
norm ||(— /3)~"'^||Lip and will be denoted by CLip,p (the index P is referred to Poincare). 

We now present four examples for illustrating usefulness of Theorem 13.11 

Example 3.4. (Ornstein-Uhlenbeck process) Consider the Ornstein-Uhlenbeck pro- 
cess dXt = ^/2dBt — a^'^Xtdt on X = W where cr > and Bt is the standard Brownian 
motion on R. Its unique invariant measure is ^ = A^(0, cj^). For / G C^(M), from the 

explicit solution Xt = e'"'^^ [Xq + fl^ e"''' ' V2dB , we see that {Ptf)' = e-^'^'^Ptf . 

Hence cup^p = ||(— ^)~"'^||Lip = o"^. Therefore fi satisfies WiI{C) with G = cup = by 
Theorem 13.11 

Furthermore G = cup = is also the best constant in WiI{C). Indeed WiI{G) 
WiH{C) and the best constant in WiH{C) of /i is C = cr^. In other words Theorem 13.11 
produces the exact best constant C in WiI{G) for this example. 

Example 3.5. (Reflected Brownian Motion) Consider the reflected Brownian Mo- 
tion XP on the interval X = [0, D] {D > 0) equipped with the usual Euclidean metric, 
whose generator is given by Cf = f" with Neumann boundary condition at 0, D. The 
unique invariant measure n is the uniform law on [0, D]. For every g £ G'^{[0,D]) with 
Jo' g{x)dx = 0, the solution G of the Poisson equation —CG = g satisfies 



G'{x) = - [ g{t)dt, X £ [0,D]. 
Jo 



It is now easy to see that CLip,p = sup||g||^^^=i l|G"||oo is attained with g[x) = x — D /2 and 
then CLip,p = D'^/8. Thus by Theorem 13. H the optimal constant Cwii for this process 
satisfies Cwii ^ cup = D'^/8. In comparison recall that the best Poincare constant 
cp = Dy7r^. 

Since WiI{G) =^ WiH{C) and the best constant of WiH(C) for the uniform law /i 
on [0,D] is D'^/12, so we obtain 

12 - 8 

We do not know the exact value of cwii for this simple example. 
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Example 3.6. Let ^ be a compact connected Riemannian manifold of dimension n with 
empty or convex boundary. Assume that the Ricci curvature is nonnegative and its diam- 
eter is D. Consider the Brownian Motion (with reflection in the presence of the boundary) 
generated by the Laplacian operator A. 

In [30j it is shown that cup^p = || (— A)^^ H^jp < (the latest quantity is exactly 

CLip,p for the reflected Brownian Motion on the interval [0, -D]). Thus by Theorem 13. H 
wJiC) holds with C = D^/8. 

See [30] for more examples for which CLip,p is estimated. 

Example 3.7. (One-dimensional diffusions) Now let us consider the one-dimensional 
diffusion with values in the interval (xo,yo) generated by 

Cf = a{x)f" + h{x)f', f G C7o^(xo, yo) 

where a,b are continuous such that a{x) > for all x G (xo,yo)- Let {{Xt)o<t<T,^x) be 
the martingale solution associated with C and initial position x, where r is the explosion 
time. With a fixec c S {xq, yo), 



s'{x) := exp 



m 



dt I , rn{x) :- 



1 



■ exp 



a{t) 



dt 



a{t) J ' a{x) 
are respectively the derivatives of Feller's scale and speed functions. Assume that 



Z :-- 



m'(x) dx < +00 



(3.8) 



xo 



and let p{dx) = m'{x)dx/Z. It is well known that (£, C^(a;o, yo)) is symmetric on L^(/i). 
Assume also that 



s'{x)dx I m!{x)dx= I s'{x) I m'{x)dx = +oo 



(3.9) 



which, in the Feller's classification, means that xo,yo are no accessible or equivalently 
r = oo, Pj^-a.s. In this case by the L^-uniqueness in [25], the Dirichlet form 



0{£) 

£if,f) 



ryo 

feACixo,yo)f]L\p); (f'fdp 

J xo 

ryo 

/ if')^dp, fGOiS) 

Jxo 



< +00 



is associated with (Xt), where AC{xo,yo) is the space of absolutely continuous functions 
on {xQ,yo). 

Fix some p G C^{xQ,yQ) such that p G L^{p) and p'{x) > everywhere, consider the 
metric dp{x,y) = \p{x) — p{y)\. A function / on (xQ^yo) is Lipschitz with respect to dp 
(written as / G Cup(p)) if and only if / G AC{xQ,yQ) and 



ll/llLip(p) 



sup 



\fiy)-fix)\ J' 



xo<x<y<yo p{y) - p{x) 

The argument below is borrowed from [11]. Assume that 



P' 



C{p) := sup 

xe{xo,yo) P 



yo 



[p{t) - p{p)]m'{t) dt < +00. 



(3.10) 



For every g G Cup{p) with p{g) = 0, then f{x) = dy P" g{t)m'{t) dt - A (in C^) solves 



-{af" + hf)=g. 



(3.11) 



Dl 



D2 



C-rho 



cor44a 
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It is obvious that 

I ryo 

l|/||Lip(p) = sup -77-T g{t)m{t)dt. 

x£(xo,yo) r [■''^ ) Jx 

An elementary exercise (as done in [11]) shows that the last quantity is always not greater 
than C(;o) ||5||Lip(p). Thus / G L'^{fi) (for p G L^i^l)). By Ito's formula, / G 02{C). With 
the constant A so that fJ.{f) = 0, / given above is the unique solution in L^(/i) with zero 
mean of (|3.1ip by the ergodicity of (Xt). We see also that C{p) is the best constant by 
taking g = p — p{p). In other words condition (j3.3|) is verified with the best constant 
C 

— CLip,p — C^ip)- Hence from Theorem 13. H we get 

cor44 Corollary 3.8. Let a,b : (xo,?/o) ^ M 6e continuous such that a{x) > for all x and 
conditions i3. 8\) 113. 9\) be satisfied. Assume i3.10\) and a := sup^.g(^y ^^^^ y^a{x)p'{x) < +oo. 
Then p satisfies WiI{aC{p)) on {{xo,yo),dp). In particular for 

I'X ^ 

Pa{x) = / —==dt 



(dp^ is the metric associated with the carre-du- champs operator of the diffusion), ifC{pa) < 
+00, then p satisfies WiI{C{pa)) on {{xo,yo),dp^). 

Remarks 3.9. The quantity C{p) in (13.10p is not innocent: Chen- Wang's variational 
formula for the spectral gap Ai says that ([8l[23]): Ai = sup . 

4. Functional inequalities and W2I inequalities 

Throughout this section we consider the framework of Section 2, i.e. A' is a connected 
complete Riemannian manifold M with p{dx) := e~^^^^dx/Z for some V G C(M) with 
Z := /^^e-^(^)dx < 00. Recah that in [HI 13] was proven the fact that a logarithmic 
Sobolev inequality implies W2I, and that (using HWI inequalities) under a lower bounded 
curvature, the converse was also true. We extend here this assertion for a — W2I inequal- 
ities. 

T4. 1 1 Theorem 4.1. (1) Let [3 G C([0,oo)) he increasing with /?(0) = such that 

If ds 

2 Jo V/3(s) 
Then the following f3-log-Soholev inequality 

13 op{g^ log g^)<p{\Vg\''), g e Cl{M), p{g') = 1, (4.1) ^ 

implies 

aiW2{i^,p)) <Iiiy\p), veMiiX) (4.2) \Ik_ 

for a{s) := /3 o 7~^(s), s > 0. 

(2) Assume that Ric + Hessy > —K for some K >0. Then ( j^.^p implies i \4-i\ l for 

/?(r) := inf {s > : 2\/2ia~i(s) + K(a"^(s))^ > r}, r > 0. 
Proof. (1) According to [24, Theorem 2.2], (14. ip implies 

W2{fp,p) <^op{f log f), />0, //(/) = !. (4.3) 

Then ()4.2p follows from (j4.3p and (j4.ip . For readers' convenience, we include below a brief 
proof of (|4.3p , inspired by the seminal work ^17j pushed further in [22] . 
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Since a continuous function can be uniformly approximated by smooth ones, we may 
and do assume that V is smooth. Let Pt be the diffusion semigroup generated hy C := 
A — Vy.V. Then is symmetric in L'^{fj.). For fixed / > with = 1, let Ht = 

{Ptf)n, t > 0. According to [22l page 176] for p = 2 (see also [IT] under a curvature 
condition), we have 

-T-| - W^2(^,/"t)| := hmsup <2^(|VV^J|j • (4.4) |W2.1 



dt sio s 

Let 

, , 1 r ds 

It suffices to prove for the case that j{r) < oo for r > 0. By (|4.ip we have 

^7 ° KPtf log Ptf) = 47' o fiipf log Pt/)/i(| v^/^l7 1 

|2\ 



2/u(|V/fl/r) , ,2U/2 



V/3o^(PJlogPJ) 
Combining this with (j4.4p we obtain 

^{ -T^2(^,A^0} < ^7o/^m/logPt/), 

which implies (14.30 by noting that Ptf n{f) = 1 as t — > 00. 
(2) By the HWI inequality (see [El [3]), we have 



Kg'logg') < -K\^g\^) + ^2W3Y^2(5V,/^)', f^ig^) = l,t>0. 

Combining this with (j4.2|) we obtain 

log <7^) < ^ ^ V (lVgp) + ^5^[«-^(^(|V<7p))]^}. 

Taking f > such that 

e = i + ii — , 

V2/^(|V5P) 

we obtain 

^(5^ log^') < 2y^M\V^)a-\f,i\Vg\')) + K[a-\f,i\Vg\^))f . 
This completes the proof. □ 

Let us give a natural family of examples, namely when /? is a power function. 



C4.2 I Corollary 4.2. For any 5 G [1,2), 

/x(92logg2)5 < C/x(|V5p), 5 G Ci(^),/x(52) = 1 



implies 
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Inversely if Ric + Hessy is bounded below, then 

W^2(i^,/x)2 <C7/(z.|^)(2-^)/'5 

implies 

fiigHogg^ < C'fi{\Vg\^), g G Cl{X), ti{g'') = 1 

for some C > 0. 

Proof For /3(r) := r^/C we have j{r) = ^r(^"^)/2 that 

Then the first assertion follows from Theorem 14.1( 1). 

Next, for a(r) = r^s/i2-S)Q-S/{2-5) ^ ^^^^^ a-^{s) = VCs^^-^^^^ . Since 2 - 6 < I, 
Theorem 14.1( 2) implies 

Kg'^ogg'') < 2^/2C/z(|V5p)^/' + i^C/i(|V5p)('-^)/^ ^9^) = 1- (4-5) 
Since 2 — 6 < 1, this implies 

Kg^logg^) < C'fi{\Vg\')'/\ f^ig') = l,fj.i\Vg\^) > 1 (4.6) 
for some C > 0. Moreover, since 5 > 1, ()4.5p implies the defective log-Sobolev inequality 

fi{g^ log g^) < Ci/x(|Vff|2) +C2, fi{g') = 1 
for some Ci,C2 > 0, which in particular implies that the spectrum of L := A + W is 
discrete (see e.g. [211 127]), and hence the Poincare inequality holds since Aq = is the 
simple eigenvalue due to the connection of the manifold. Thus, the strict log-Sobolev 
inequality 

l^{gHogg^)<C'i^{\Vg\^), fi{g^) = I 
for some constant C > 0. The proof is then completed by combining this with (j4.6p . □ 

Example 4.3. Let Ric be bounded below, and po the Riemannian distance function to a 
fixed point o ^ E. Let V G C{X) such that V — ap^ is bounded for some a > and 9 > 2. 
Then (jM]) holds for a(r) = Cr2(^-i) for some C > 0, i.e. 

CW2{ly,^lf^^-^^ <I{u\p), v£Mi{X). (4.7) 
The power 2(^ — 1) is sharp, i.e. the above inequality does not hold if this power is replaced 
by any larger number, as seen from Proposition 12. 3i 
Indeed, by [21^ Corollaries 2.5 and 3.3], we have 

p{9^ log2{^-i)/^(52 + 1)) < C7i^(| + C2, p{g^) = 1 
holds for some Ci, C2 > 0. By Jensen's inequality we obtain 

^(5^ log5^)2(^-i)/^ < ^(^2 iog{g^ + i)fie-i)/e < c,p{\Vg\'') + C2, p{g^) = 1. 
Combining this with the log-Sobolev inequality as in the proof of Corollary 14.21 we obtain 

^^{9'\ogg'?^'-^y<^ < M5^1og(5^ + < C'pi\Vg\% p{g') = 1 

for some constant C > 0. According to Corollary 14.21 this implies (14. 7p . 
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5. <I)-SOBOLEV INEQUALITY AND CONCENTRATION INEQUALITY 
FOR UNBOUNDED OBSERVABLES UNDER INTEGRABILITY CONDITION 

Let ^ : [0, +oo] be a convex, increasing and left continuous function with ^{0) 

0, such that 



hm 



<J)(r) 



+ 00. 



(5.1) 



Consider the Orhcz space L^{^) of those measurable functions 5 on A' so that its gauge 
norm 

N^ig) := inf{c > 0; ^ H\g\/c)dfi < 1} 
is finite, where the convention inf := +00 is used. The Orlicz norm of g is defined by 

||gf||<l> := sup{ J gud^; Nifi{u) < 1} 



where 



*(r) := sup(Ar - $(A)), r > 

A>0 



(5.2) 



is the convex conjugation of The so called (defective) <I>-Sobolev inequality says that 
for some two nonnegative constants Ci , C2 > 

\\g^U<Ci£{g,g)+C2fi{g^), Vg e n{£), ^,{g^) = I. (5.3) 

Under the assumption of the Poincare inequality with the best constant Cp, (15. Sh can be 
transformed into the following tight version 



11(5 - K9)?U < (Ci + C2Cp)£{g,g), V5 G n{£) 
called sometimes Orlicz-Poincare inequality. 



(5.4) 



thmBl Theorem 5.1. Assume the ^-Sobolev inequality i5. 3\) and the Poincare inequality with 
constant Cp. Then 

(a): for any fi-probability density f , 



\\f -lU < \ C[iiffi\f,y + C!,I{f^l\^i) 



(5.5) 



where C[ = (Ci + 2C2Cp)Ci, C2 = (Ci + 2C2Cp) ■ AC2; or equivalently for any 
observable u G L^ifJ-) being the convex conjugation of ^ given above) so that 
Nii/{u) < 1 and for all t,r > 0, 



51 



52 



53 



thm51a 



u(Xs)ds > iiiu) + r < 11 — II2 exp -t 

dfi \ 



, dv , 



^AC[r^ + {C^r - €'2 
2C[ 



(b): for any ii-probability density f , 

sup /(/ - l)ud^ < ^2{Ci + AC2Cp)I{ffi\fi) 

u£bB:N^{u2)<l J 

or equivalently for any u € L}{n) such that G L*(/x), 



(5.6) 



(5.7) 



thm51b 



thm51c 
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- i}t f -(^^)^^ > Mn) +r) < 11^ lb exp (-t^ 



+ 4C72Cp)||n2||^ 



, Vt,r > 0. 



(5.8) 

(c): More generally for any p S [l,+oo), there is a constant k > depending only 
of p, Ci, C2, Cp such that for any fi-probability density f , 



thmSld 



ap sup / (/ ~ ^)ud\x < I{f (5-9) thmSle 

\u<^hB:N^{v?)<lJ J 

where ap{r) = (1 + r"^ /kY^'^ — 1; or equivalently for any u € L^ip) such that 
N^i\u\P) < 1, 



0^ u(Xs)ds > n{u)+r^ < ll^llaexp (^-t[l + r'^ /kY^'^ - 1]) , Vt,r > 0. (5.10) |thm51f 

As there are numerous practical criteria for the $-Sobolev inequahty (see e.g. [U [T^ 
j), this theorem is very useful and gives different concentration behaviors for j u{Xs)ds, 
according to the integrability condition \u\p G {l^) where p G [l,+oo). 

This result generalizes the sharp concentration inequality under the log-Sobolev inequal- 
ity in Wu For applications of <I>-Sobolev inequalities in large deviations see Wu and 
Yao 



Remarks 5.2. As the l.h.s. of (j5.5|) . (|5.7|) and (|5.9|) are the transportation cost Tv(//i,/i), 
with V = {{u,u)] u G hB, N^^{\u\P) < 1}, p = l,2,p > 1 respectively, so they are the 
transportation-information inequality. In this point of view, the equivalence between ()5.5p 
and (15. 6p in part (a), that between (j5.7p and (|5.8p in part (b) and that between (15. 9p and 
()5.10p in part (c) are all immediate from Theorem 11.11 (the passage from bounded u to 
general u in the concentration inequalities ()5.6p . (j5.8p and (15.10p can be realized easily by 
dominated convergence) . 



Remarks 5.3. The concentration inequalities (j5.6p . (15. Sp and (15.10p are all sharp in order. 
Indeed consider the Ornstein-Uhlenbeck process on M generated by Cf = f" — xf: the 
<^-Sobolev inequality (Xt) holds with <I>(r) = (1 + r) log(l + r) and ^ = M{0, 1). Consider 
u{x) := |xp/^ where p > 1. Then G L^{fi), and j jl^u{Xs)ds = j j^\Xa\Pds possess 
exactly the concentration behaviors exhibited by the r.h.s. of (|5.10p for large deviation 
value r, and for small deviation value r of order l/\/t if t is large enough (by the central 
limit theorem). 



Proof of Theorem \5.1[ As explained in the previous remarks, (|5.6p (resp. (|5.8p : (j5.10p ) is 
equivalent to ([53]) (resp. ([5^1) . (fO]) ). all by Theorem 

It is not surprising that the proof relies on the ideas first used in [5j , establishing criterions 
for WiH under integrability criteria. Note also that the reader may easily adapt the proof 
to use conditions on F-Sobolev inequalities (equivalent to some Orlicz-Poincare inequality) 
and integrability on u (rather than Orlicz norm of u) . 
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(a) For (j5.5p we may assume that is finite, i.e., vT G 0{£) (and then I{ffi\iJ,) 

£{\'7j V7))- For any u G {^j) with A^4,(n) < 1, we have by Cauchy-Schwartz 



j \{f-l)uW = j |v7-l|(v7+l)|n|d/. 




<\l\\{^f-mw\\{^f+mw 

But by the assumed $-Sobolev inequaUty ()5.3p . 

and /( V7 - = 2(1 - ^(^7)) < 2Var^{^) < 2Cp£{^, ^7); moreover 

11(77 + i)'ii<i. < Cif(77, v^) + c2j\y^+ ifdf, 

and / {y/f + < 4. Thus we get 

y |(/ - iHd/i < ^ (Ci + 2C2C7p)f (77, v^){Ci£{^/f, v7) + 4C2) 

where ()5.5p follows by recalling I{ffi\fj,) = £{\/y, vT)- 

(b) For any u so that Nq,{u'^) < 1 we use now differently Cauchy-Schwartz inequality 
to get: 

Jlif- l)u\dfi < (// - + l)'"'*^^ 

But as noticed in the proof of (a), 

J {y^-lfdfi < 2Var^{y^) < 2mm{CpI{f 

and 

j {^Jl+lfu^dii < ||(v7+ 1)2||^ < Ci/(/;u|/i) + 4C2. 
Plugging those two estimates into the previous inequality we get (|5.7p . 

(c) . Letting q := p/ (p — 1) we have by Holder's inequality, 

I i(/-iHd/i<(Mi/-ii))'/'' (/ \f-i\\u\Pdf,y' 

Note that //(|/ - 1|) < 2 and by [IS Theorem 3.3], 

(MI/-l|))'<4yar^(77)<4Cp/ 
where / := I{f ^\^). On the other hand by part (a), 

j\f- l\\u\Pd^l < 11/ - lU < yJc[P + c'^i. 
Substituting those estimates into the first inequality we get 
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< 



\^li{C{ + C^Cp)i/P • /2/p, if Cpl > 1; 

4^/1 {C[ + C'2Cp)^/PC^^~^^^'' • /, otherwise. 
The last term is less than k[{1 + I)^/^ — 1] for some constant k > 0. That yields to 

n . □ 

Let us finally relate previous inequalities to usual a — WI inequalities. 

cor51 Corollary 5.4. Assume the ^-Soholev inequality h5.S^) and the Poincare inequality. As- 
sume that dP{x,XQ) G (n) for some p > 1 where ^ is the convex conjugation of^. Then 
there are positive constants C[, and k such that for all v G A^i(A'), 



K([l + H^i(z.,/i)V-l) <^Hm) 



and 

and when p > 2, 
Proof. Recall the following fact ([19, Proposition 7.10]), 

WP{l^,^i) <2P-'\\di;Xoni^ - fi)\\TV. 

Then this corollary follows directly from Theorem 15. 1[ □ 
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